
A Bubbling Fluidization Model Using Kinetic 
Theory of Granular Flow 

Detailed knowledge of solids circulation, bubble motion, and frequen- 
cies of porosity oscillations is needed for a better understanding of tube 
erosion in fluidized bed combustors. A predictive two-phase flow model 
was derived starting with the Boltzmann equation for velocity distribu- 
tion of particles. The model is a generalization of the Navier-Stokes 
equations of the type proposed by R. Jackson, except that the solids 
viscosities and stresses are computed by simultaneously solving a 
fluctuating energy equation for the particulate phase. The model 
predictions agree with time-averaged and instantaneous porosities 
measured in two-dimensional fluidized beds. Observed flow patterns 
and bubbles were also predicted. 

Introduction 
Quantitative undertanding of the hydrodynamics of fluidiza- 

tion is needed for the design and scale-up of efficient new 
reactors in the petroleum, chemical and electric power indus- 
tries (Avidan et al., 1989; Squires et al., 1985). For example, 
although bubbling fluidized bed combustors have reached a 
commercial status, an understanding of solids motion and its 
effect on erosion of the heat exchanger tubes immersed in 
fluidized beds remains inadequate. Hydrodynamic models have 
been developed (Bouillard et al., 1989a, b) that have the 
potential of predicting erosion patterns in fluidized beds. These 
two fluid models are a generalization of the celebrated Navier- 
Stokes equations used in single-phase fluid mechanics. They 
were originally developed by Jackson ( I  963), So0 (1  967), Garg 
and Pritchett (1979,  and others. Gidaspow (1986) has given a 
complete review and has shown that these models, with zero gas 
and solids viscosities, were able to predict a great deal of the 
behavior of bubbling beds because the dominant mechanism of 
energy dissipation is the drag between the particles and the fluid. 
The formation, the growth, and the bursting of bubbles were 
predicted (Gidaspow et al., 1983 a,b) in a qualitative agreement 
with experiments. Computed wall to bed heat transfer coeffi- 
cients (Syamlal and Gidaspow, 1985) and velocity profiles of 
jets (Ettehadieh et al., 1984) agreed with measurements. 
Time-averaged porosity distributions (Gidaspow et al., 1983b; 
Bouillard et a]., 1989b) agreed with measurements done using 
gamma ray densitometers without the use of adjustable parame- 
ters and without prescribing the porosity a t  any boundaries in 
the computation. However, analogous to classical fluid dynam- 
ics, inviscid models do not predict the forces acting on the tubes 
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immersed in fluidized beds. Therefore to overcome this defi- 
ciency a solids viscosity was added to the model, similar to the 
treatment of Jackson (1985), to compute erosion rates around 
the tubes. Unfortunately this solids viscosity and also the solids 
stress were not known and had to be estimated based on very 
limited data. 

The objective of this paper is to give a model that is capable of 
predicting this solids viscosity and the solids stress based on first 
principles. The starting point is the Boltzmann integral- 
differential equation for velocity distribution of particles. Such 
an approach without an interstitial fluid was pioneered by 
Savage (1983, 1988), Jenkins and Savage (1983), and others 
(Shahinpoor and Ahmadi, 1983; Lun et al., 1984; Johnson and 
Jackson, 1987). It is based on the kinetic theory of dense gases, 
as presented by Chapman and Cowling (1970, Ch. 16). In this 
theory the usual thermal temperature is replaced by a granular 
flow temperature for which a differential equation is derived 
using the methods of kinetic theory. Thus the solids viscosity and 
the solids stress are a function of this granular temperature, 
which varies with time and position in a fluidized bed. 

This new kinetic theory of two-phase flow was incorporated 
into the IIT fluidization computer code (Gidaspow, 1986) to 
eliminate the need for using guessed solids viscosities and 
stresses. The computed results agreed well with experimentally 
measured time-averaged porosities in a two-dimensional bed 
and reasonably well with experimentally determined porosity 
oscillations, after the kinetic theory of solids of Lun et al. (1984) 
and Jenkins and Savage (1983) was slightly modified and 
extented to two-phase flow. 
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Transport Equations for the Solids Phase 
Let us define a velocity distribution function f ( r ,  c, t )  of a 

large collection of granular particles that satisfies the Boltz- 
mann integral-differential equation, 

where the function f is defined such that fdc is the differential 
number of particles per unit volume with velocities within the 
range c and c + dc, F is the external force per unit mass acting 
on each particle, and ( a f l a t ) ,  is the rate of change of the 
distribution function due to the particle collisions. 

Taking the ensemble average of the single-particle quantity $ 
over Eq. 1, we obtain the transport equation for mean quantity $ 
in  Cartesian tensor notation (Chapman and Cowling, 1970, Ch. 
3) as 

in  which n is the particle number density, 

n = / f d c  (3) 

and ($)  is the averaged quantity defined as 

(4) 

To evaluate +c($), the collisional rate of change of the mean of 
$, we must assume that only binary collisions between hard, 
smooth, but inelastic particles are dominant. Considering the 
collision between particles labeled 1 and 2, the probable number 
of collisions per unit time such that the velocities of particle 1 
and particle 2 are in the range of dc, and dc,, respectively, and 
the center of particle 1 is in the volume dr is (Chapman and 
Cowling, 1970, Ch. 16; Jenkins and Savage, 1983) 

f”’ (clr r; c2, r + d, k; t )  d i  (c12 k) dkdc, dc, dr ( 5 )  

where f(’) is the pair-distribution function. It is defined such 
that f‘2)dr,dr,dc,dc, is the probability of finding a pair of 
particles in the volume element dr,dr, centered on the points r,, 
r, and have a velocity within the range c, to c, + dc,, and c2 to 
c2 + dc,. c, ,  is the relative velocity of particle 1 and particle 2, k 
is the unit vector along the line from the center of particle 1 to 
the center of particle 2 a t  collision, and r, - r, = dpk. For a 
collision it is necessary that the center of the second particle lie 
in  a collision cylinder of volume di  (clz - k)dk per unit time. Due 
to the collision, the property of particle 1 changes to The 
collisional rate of change for per unit volume is (Jenkins and 
Savage, 1983; Lun et al., 1984) 

(r, c l ;  r + d,, k, c2; t )  dkdc,dc, (6) 

Since the collision is symmetric, we can directly write the 
collisional rate of change $’ by interchanging the labels 1 and 2 
and replacing k by - k 

+c = li,.k>o ($i - $2) (c12 * k) d y 2 ’  

(r - d,, k, cl; r, c2; t )  dkdc,dc, (7) 

Expanding f”’ (r, c,; r + dpk, c,; t )  in a Taylor series, upon 
discarding terms involving spatial derivatives higher than the 
first, 

f”’ (r, c,; r + d, k, cz; 1 )  = f(’) (r - d, k,q;  r, c,; t )  

+ d, k - Vf”) (r - d,k, c1; r, cz; t )  

By taking $ to be m and using the relation esp, = nm, we obtain 
the standard continuity equation for solids flow, 

where the mean velocity u, is defined as given by Eq. 4, 

(9) 

Before deriving a momentum equation, we must deal with the 
external force F,. In general, F, includes the gravity, the 
aerodynamic drag, the buoyancy, the added mass force, the 
Basset force, the Magnus effect, and the Saffman life force. For 
gas-solids flow, the last four effects are assumed to be negligible. 
Then we have 

where D is the drag force coefficient. For model A (Bouillard et 
al., 1989a) the buoyancy effect appears through the pressure 
gradient in Eq. 10. For model B it would be deleted. Taking $ = 
mc, and using Eqs. 2 and 10, the velocity-dependent term in the 
transport equation becomes 
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Then grouping the collision-dependent stresses, we obtain the 
momentum equation 

difficulty of estimating the fluctuating interaction of the two 
phases. Further consideration of the transfer of fluctuation 
energy between the two phases may require a turbulent model 
for the gas phase in the presence of the solid phase. 

where 

a 
ax/ 

t e,ppg, + P (u ,  - v,) + - (7: + 7;) (1  1) Constitutive Equations 
To close the transport equations presented in the preceding 

section, we need to find the single-particle distribution function 
f ( r ,  c, t )  and the pair-distribution functionf(2)(r,, c,; r2, c2; t). 
Here, we take the Maxwellian velocity distribution function as 
the single-particle distribution (Savage and Jeffrey, 198 1; Jen- 
kins and Savage, 1983), 

D 
P = %Pp, ( l  l a )  

( l  Id) c, = c, - v, 

From Eq. 1 1  we see that the total stress tensor 7,, is the sum of a 
kinetic part 72, and a collisional part 7;. Otherwise, Eq. 11 is 
again the standard two-phase flow momentum balance. 

Similarly, by taking + = 1/2 (rnC’) and using the momen- 

We then obtain the kinetic parts of solid stress 7; and the energy 
flux 4: by Eqs. 1 1 b and 12d as (see Appendix, Eqs. A 1-A6) 

(14) k 
7 = - t s p p  Td,] 

turn equation, we obtain the equation for the fluctuating energy, 4; = 0 (15) 

The Enskog assumption for the pair-distribution function is used 
next (Chapman and Cowling, 1970; Lun et al, 1984). That is 

Y 2  T = I/, (C’) 

The collisional energy dissipation y is 

( 1 2 4  
where go is the equilibrium radial distribution function (Savage 
and Jeffrey, 1981). Expandingf, andf, in a Taylor series a t  the 
point r. we have 

and 

4: = ‘/2 €,Pp (C, c2 ) 
Using Eq. 17 in Eq. 8 with the velocity relations in a collision 

(12d) (Lun et al., 1984) 

c; = c1 - (1 t e) (c12 . k ) k  

On the righthand side of Eq. 12, the first term represents the 
energy production due to the deformation work, the second term 
is the energy transfer, the third term is the energy dissipation 
due to inelastic collisions, and the last term is the net rate of 
transfer of fluctuation energy between the two phases. This 
equation differs from Eq. 2.15 of Lun et al. (1984) by the 
presence of this last term. 

I n  Eq. 12 we assumed that the correlation between the gas 
phase fluctuation velocity and the solid phase fluctuation veloc- 

response time. T? = m / D ,  is much larger than the time scale 
characteristic of the mean fluid motion (Pourahmadi and 
Humphrey, 1983). This assumption is valid when the particles 

c; = c2 + (1 + e )  (c12 - k ) k  ( 1  8b) 

where e is the coefficient of restitution, the integrals yield (see 
Appendix) 

7f = - 2t,2p,,g0(l + e) T6, 

4t ip  d 6 + + - S . ,  + - 8 .  ity C, is negligible. Such an assumption is valid when the particle 37T‘/* ‘I ;;: .) (19) 

aT 
q c =  - K -  (20) are heavy and large. Another reason to neglect (C&) is the 8x1 
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where the deformation rate tensor is 

and the conductivity of granular temperature is 

Then the total stress can be combined in the form 

with the solid phase pressure 

p s  = t s p p  [ I  + 2 (1 + e)t,gol 7 

the effective solid bulk viscosity 

and the solid shear viscosity 

The radial distribution function go proposed by Carnahan and 
Starling (1969), who derived the go for the dense rigid spherical 
gases, was used by Savage and Jeffrey (1981), Jenkins and 
Savage (1983), and Lun et al. (1984). Compared with the 
simulation results of Alder and Wainright (1960), Figure 1, the 
values of Carnahan and Starling are lower when t, is higher than 
0.60. The maximum volume fraction of gases may reach I ,  but 

Radial Distribution Function 
Present go 

-- Carnahan and Starling (1969) 
Alder and Wainwright (1960) 

E Y  

Figure 1. Radial distribution function go. 

the maximum volume fraction of granules is usually less than 
0.7. Our computation shows that the go from Carnahan and 
Starling gave the solid volume fraction higher than 0.8 at some 
positions in the fluidized bed. In his later work, Savage (1988) 
proposed a simple expression for go, which is implicit in the work 
of Bagnold (1954) and was given by Ogawa et al. (1980), 

where tsmor is the maximum solid volume fraction for a random 
packing. To match the data of Alder and Wainwright (1960) 
more closely, we suggest a value of 0.6 multiply the righthand 
side of Eq. 23. For glass beads of 500 pm dia., we take t,,,, to be 
0.6436. Figure 1 shows go using this t,,,,. 

The collisional stress, given by Eq. 19, and the energy 
dissipation, given by Eq. 21, are identical to those given by 
Jenkins and Savage (1983) for their case of 01 = 0. 

The solids pressure given by Eq. 22a is similar to the van der 
Waals equation of state, as shown by Eq. 16.5, 5 in Chapman 
and Cowling (1970). The kinetic part of the pressure produced 
proportionality of solids pressure to granular temperature and 
particle concentration, as in the ideal gas law. The collisional 
part produced the terms involving the repulsive radial distribu- 
tion function, which is proportional to the repulsive force due to 
the finite size of molecules. 

It is also instructive to compare the solids shear viscosity given 
by Eq. 22c to the viscosity of gases obtained from kinetic theory 
(Chapman and Cowling, 1970). At ordinary pressure the gas 
viscosity is proportional to the square root of the temperature, as 
in Eq. 22c. At higher pressure it is divided by a packing function 
that becomes infinite as the gas approaches the state in which 
the molecules are packed so closely that motion is impossible, 
just as in Eq. 22c for the solids. 

To examine the behavior of the solids pressure and the solids 
viscosity as a function of particle volume fraction, it is best to 
look at  the stress in simple shear flow, as done by the developers 
of the kinetic theory of solids. 

Stresses in simple shear jlow 

temperature, the energy equation, Eq. 12, reduces to 
In a simple shear single-phase flow with a uniform granular 

Substituting the preceding constitutive equations into Eq. 24, we 
have 

where CY = 0 refers to the present model, and 01 = 1 refers to 
Jenkins and Savage's (1983) model. This stresses become 
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for the present model, and 

U =  

relations reduce themselves to 

t S  

V 

u 

P 
7 

for the Jenkins and Savage model. 
The shear and the normal stress, as well as the experimental 

data of Savage and Sayed (1984) for 1.5 mm dia., Ballotini glass 
beads are plotted against t, and are shown in Figures 2a and 2b, 
respectively. The coefficient of restitution is assumed to be 0.9. 
At high solids concentrations, in which the collisional stresses 
are dominant, the three models are close to each other for both 
the shear and the normal stresses. At low solids concentrations, 
in which the collisional stresses are negligible compared with the 
kinetic stresses, the present model gives a higher normal stress 
than that of Jenkins and Savage because of the addition of the 
kinetic part of the normal stress. Both the shear and the normal 
stresses of Lun et al. (1984) increase with decreasing solids 
concentration at  low solids fractions. This behavior is physically 
implausible. It  causes instabilities, as discussed by Lun et al. 

Critical discharge rate 
Savage (1988) has shown that his granular flow equations 

lead to a "sound" speed. In single-phase compressible flow such 
a sound speed evaluated at  a constant entropy is known as the 
critical velocity. At this condition a reduction in downstream 
pressure does not result in an increase in the mass flow rate of 
the fluid. A limit occurs because signals no longer propagate 
upstream. This limit occurs when the fluid velocity just equals 
this critical velocity. The theory of partial differential equations 
shows that information flows along characteristic directions. At 
the critical conditions one of these characteristics is set to zero. 
The result is that this critical velocity can be obtained consider- 
ing the simpler steady-state, one-dimensional equations of 
change. Hence, consider one-dimensional steady-state two- 
phase flow. The transport equations with the present constitutive 

I Lun et a1 (1984) 
Jenkins and Savage (1983) 

~.. 

_ _  
A Experiment of Savage and Sayed (1984) 

, /  

1 , , ( ,  , , , , , , , , , I , ,  , , , , , , , I  0.001 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

€8 

Figure 2a. Nondimensional shear stress vs. solid volume 
fraction for simple shear flow. 

d U  
dx 

A - = B  

where the coefficient matrix A is 

0 

[r - 3(1 - e2)tZgo]p,T 0 

0 0 0 1  

(28) 

and 

0 
0 

N 
h 

Present model 

Jenkins and Savage (1983) 
Experiment of Savage and Sayed (1984) 

- 
__-_  Lun et d (1984) 

100-  - -. 
c 

l o  + , 

1 -  .- ........-. _ _  *.. 

t f  / /  

0.011 # I I I , , #  l , , , \ l , , , , 3 L . , , !  , , , , , /  , 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

tS 

Figure 2b. Nondimensional normal stress vs. solid vol- 
ume fraction for simple shear flow 
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and where u and z’ are the velocities of the gas and the solids, 
respectively. U, is the isothermal sound speed of gas equal to 
[ (8p, /dp,)TR].  f w  is the frictional force on the wall. r is a 
function of t ,  and e only, 

and 

From the condition of critical flow as discussed above (Gidaspow 
and Syamlal, 1985; Syamlal, 1985), 

we obtain the critical speed of wave propagation, V,, as 

where M ,  = u / U ,  is the Mach number, and 

(30a) 

(30b) 

Similar equations can be obtained for the critical velocity by 
using the constitutive relations of Lun et al. (1984) and Jenkins 
and Savage (1983). The only difference is in the functions 
F (cT, e ) ,  which are 

for Lun’s model, and 

for the Jenkins and Savage model. 
The effect of the interstitial fluid in Eq. 30 is small and differs 

from model to model (Gidaspow and Syamlal, 1985). It is not 
considered further. 

If M ,  << 1, and p, << p,,, Eq. 30 reduces to 

These nondimensional critical velocities V J  T”’ for the three 
different constitutive relations with e = 0.9 are shown in Figure 
3. At high t ,  the three models give almost the same values. At 
low t, the critical velocity of Jenkins and Savage is lower than 
others due to the neglect of the kinetic stresses in the model. 

Savage (1988) has approximately analyzed the sound speed 
for single-phase particulate flow using the Jenkins and Savage 
model. He also roughly estimated Vc by considering a particle 
moving at  its rms fluctuating velocity. He obtained 

where 3 occurs due to its definition as 3T = ( C2) and the factor 
involving 7 is the packing conditions. Equation 32 is also plotted 
in Figure 3. It gives higher values than does the present analysis. 
However, it summarizes the essence of the physics. At low 
packings the critical velocity is simply ( C2) I:*. For dilute gas it 
is of the order of the sonic velocity, 300 m/s. For particulate flow 
away from maximum packing it is two orders of magnitude 
lower, as discussed below. At maximum packing the sonic 
velocity becomes infinite, corresponding to the infinite sonic 
velocity for propagation through the assumed incompressible 
solid phase. 

I n  Figure 3, the critical velocity of the previous analysis 
(Gidaspow and Syamlal, 1985) is plotted against t,, in which 

(33) 
dPS 
dt, 

G ( t , )  = - = lo8 76cy  02’ dyne/cm‘ 

Such correlations were based on tilted bed experiments of 
Rietma and Mutsers (1973), as discussed by Gidaspow (1986). 
For glass beads, p,, = 2.5 g/cm’, V, = \ic/p, 1 m/s a t  t ,  z 

0.57. This value is approximately the discharge rate of glass 
beads from a specially constructed hopper (Gidaspow et al., 
1986). The solids volume fraction was measured with an x-ray 

CY 

Figure 3. Critical velocity of particulate phase. 
Exp Gidaspow et al ( I  986) 
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densitometer a t  the outlet. Such a value of discharge velocities is 
typical for the height-independent discharge of solids through 
orifices, as summarized by the correlations given by Cheremis- 
inoff and Cheremisinoff (1984). A complete verification of the 
granular flow theory must involve the determination of this 
critical velocity for flow from vessels. 

Two-phase Balances and Boundary Conditions 
The conservation of mass and momentum equations for each 

phase and the constitutive relations are given in Table 1. The 
constitutive equations for the solid derived in this paper and the 
fluctuating energy equation for the solid phase have been added 
to our previous computer code (Gidaspow, 1986; Gidaspow and 
Ettehedieh, 1983). This code generalizes the FLUFIX code 
(Lyczkowski et al., 1987) used at  Argonme National Labora- 
tory for bubbling fluidized bed studies by the addition of this 
extra granular temperature equation and by the theoretical 
calculation of the solids pressure and solids viscosity. Our 
computer code using the ICE numerical method for two-phase 
flow (Harlow and Amsden, 1975; Rivard and Torrey, 1977) has 

been demonstrated to be adaptable to a variety of problems 
(Gidaspow, 1986; Symlal, 1985; Ding, 1990). 
To solve the equations of gas-solids flow listed in Table 1, we 
need appropriate boundary conditions for velocities of the solids 
and the gas, for gas phase pressure, and for granular tempera- 
ture. The porosity is set to 1 where particle-free gas enters the 
system. At an impenetrable solid wall, the gas phase velocities in 
the two directions are generally set to zero. This no-slip 
condition cannot always be applied to solid motion. Since the 
particle diameter is usually larger than the length scale of 
surface roughness of the rigid wall, the particles may partially 
slip a t  the wall. According to the assumption of Eldighidy et al. 
(1977) that the solid tangential velocity vS2 at the wall is 
proportional to its gradient a t  the wall, we can write 

(34) 

where the xI direction is normal to the wall. We let the slip 
parameter A, be the mean distance between particles. A, can be 

Table 1. Governing Equations for Gas-Solid Flow 

1. Continuity Equation for Phase k (= g, s) Radial distribution function 

2. Momentum Equation for Phase k( = g, s) Fluctuating energy % T  (= %( C 2 ) )  equation 

- Collisonal energy dissipation y 
= -CkvPPg + tkpkg + v * y k  + P(Vl - Vk) (T2) 

4 T i!2 
3.  Gas Phase Stress y = 3(1 - e2)c:p,goT [%(;I - V .  v.] (T5a) 

- - = 
7, = 2t,P$S, (T3) Flux of fluctuating energy q 

where q =  -KVT (T5b) 
= - Conductivity of the fluctuating energy s, = 1% [VV, + (VV,)T] - 1% v . v,i (T3a) 

4. Solid Phase Stress K = 2ppe;dp (1 + e)go (T5c) 
- - - = 
7, = [-P, + e,€s v . v,lI - 2t,P,S, (T4) 5. Gas-Solid Drag Coefficients for c < 0.8, (based on Ergun equation) 

2 
PgC, IV, - v,I Deformation rate 

p = 150% + 1.75 (T6) 
tdi dP - s, = ‘12 [VV, + (VVJTI - 1% v . V j  (T4a) 

for t 2 0.8, (based on empirical correlation) 
Solid phase pressure 

where Solid phase bulk viscosity 

24 
c d  = - R e p  + 0.15(R,)0687], for Rep < 1,000 (T8a) 
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estimated by 

to obtain 

(35) 

Note that for small particle diameters the boundary condition is 
close to the no-slip condition. 

The boundary condition for solid velocity a t  the wall derived 
by Hui et al. (1 984) is similar to Eq. 34. Their slip parameter X, 
is proportional to particle diameter and is the inverse of the wall 
roughness parameter. Jenkins' boundary conditions (Mastora- 
kos et al., 1988) is also in the form of Eq. 34. His slip parameter 
is proportional to particle diameter and is a function of solid 
volume fraction. A comparison of Eq. 35 and Jenkins' theory is 
shown in Figure 4. For t, > 0.2, the difference is small. For t, < 
0.2, Jenkins' theory gives a higher slip parameter than Eq. 35, 
but both tend to infinity when t, - 0. 

The boundary conditons for granular temperature or granular 
thermal velocity derived by Jenkins (Mastorakos et al., 1988) 
and Hui et al. (1984) are in the form of Eq. 34. In their 
boundary condition for granular temperature, the coefficient of 
restitution of the particle-wall collisions is included. Johnson 
and Jackson (1  987) derived the boundary condition for fluctu- 
ating energy by equating the energy flux to the energy dissipa- 
tion due to the inelastic collision between particles and wall, and 
energy generation due to the particle slip a t  the wall. In the 
following computation, we simply assume the energy flux at  the 
wall to be zero. 

The boundary conditions at  the symmetric axis demand that 
gradient of all variables be zero. The inlet conditions for the 
fluidized bed are given. At the outlet, the pressure is at an 
ambient atmosphere and the mass flux is assumed to be 
continuous. Initially, the fluidized bed is a t  a minimum fluidiza- 
tion, as in other related studies (Gidaspow, 1986). 

. ,,,,it model 
Jenkins (hlastorakos et  al, 1988) - - - -  

H \ - 1  

0.0 0.1 0.2 0.3 0.9 0.5 0.6 0.7 

ES 

Figure4. Slip parameter at solid wall vs. solid volume 
fraction. 

Computed Results 
Computation with an obstacle 

As a part of a cooperative research and development venture 
on erosion of fluidized-bed combustor heat transfer tubes 
conducted at  Argonne National Laboratory, several simplified 
geometries roughly representing tubes in a combustor were 
chosen for simulation and experimental studies. The first geom- 
etry chosen was an obstacle placed into a two-dimensional 
fluidized bed with a jet, as full described by Bouillard et al. 
(1989a, b). The simulation was done using two inviscid models 
(Bouillard et al., 1989a) and with a model in which the solids 
viscosity was varied (Bouillard et al., 1989b). The two inviscid 
models and a model with a solids viscosity of 0.1 Pa.s produced 
time-averaged porosities in agreement with the experiment a t  
IIT. Bubble sizes and frequency as determined from high-speed 
movies were in a rough agreement with the experiment, with the 
marked difference caused by a strong asymmetry observed in the 
experiment. The computed porosity oscillations, however, in all 
three cases showed a disturbing slow decrease of amplitude with 
time. Since at  publication time no experimental porosity oscilla- 
tions were available for comparison with the theories, these 
observations were dismissed as perhaps unavoidable damping 
caused by numerics. Now porosity and pressure oscillations have 
been systematically measured as a part of the erosion venture for 
the geometry under consideration and for other configurations. 
The porosity oscillations were measured using the gamma ray 
densitometer used by Seo, as described by Gidaspow (1986), 

I 
E 
0 co 

'T 
-- --- -- - -. _-. --- - _ _  - _. ____________  
.. -_ . _ _ _  _ _ _  - .- \ -.-- . . . _ _ r  ._ 

.--u- ,," 

- . - - . - . - - . . . -. 
. - - - -_ - - - - 
. . -. - - - . - 

- -  . . .  _- 
. . . - I . . 
.- . 

P = 0.106Mpa vgjet = 578cm/s  

Figure 5. Two-dimensional bed with conditions used in 
experiment and in computation. 
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bx,;,, = 0.635 cm 
bX,,, = 2.0 cm 

6Ymi, = 1.87 cm 

6Ym,, = 5.0 cm 

6t = 1O-'sec 

Figure 6. Finite-difference grids used in simulation with 
an obstacle (16 x 22 nodes). 

except that a spectral analysis program was used in conjunction 
with an IBM PC computer to analyze the data (Gidaspow et al., 
1988). In  view of the availability of the new data, a closer 
comparison of the theories to the experiment is now possible. 

Figure 5 shows a sketch of the experiment, with a symmetry 
of the conditions used in the experiment and in the simulation. 
They are those given by Bouillard et al. (1989a). Nonuniform 
finite-difference grids used in the computation with cell number 

I l a 1  0 a 

0 . 3 1 1  ILI 
11 5 

TIME (sec) 

(i) Computation (16 x 22 nodes) 
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Figure 7a. Computed and experimental porosity oscilla- 
tion near jet opening (computer with 16 x 22 
nodes). 
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Figure 7b. Computed and experimental power spectrum 
of porosity oscillation near jet opening. 

16 x 22, 16 in the x direction and 22 in y direction, are shown in 
Figure 6. To check the influence of the grid size on the computed 
results, a finer mesh was utilized in the computation. The same 
number and size of the computational cells in the x direction 
were used, but the size in they direction was half of the previous 
grid size. The total number of the finer cells is 16 x 42. The time 
step for the finer mesh was 5 x s. The symmetry 
assumption was made. The computations were continued to 5 s 
of real time. 

Figures l a  and l b  show a comparison of computed and 
experimental instantaneous porosities a t  the point X = 0.31, 
Y = 1 .O cm, where X is the horizontal coordinate starting from 
the bed center and Y is the vertical coordinate starting from the 
bed bottom. The computed amplitude of the porosity oscillation 
is similar to the experimental result. A spectral analysis of the 
computed results with 16 x 22 nodes and 16 x 42 nodes gives an 
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Figure 7c. Computed porosity oscillation near jet open- 
ing by model of Jenkins and Savage (1983) 
(computed with 16 x 22 nodes). 
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oscillation frequency of about 6 Hz, while the experiment gives 8 
Hz. The higher experimental frequency is probably due to the 
neglect of the wall effect in the model. Figure 7c shows the 
computed porosity with the model of Jenkins and Savage (1983) 
a t  the same point. It gave incorrect amplitude of porosity 
oscillation. Therefore, we do not use the Jenkins and Savage 
model for the simulation of bubbling fluidization. The experimen- 
tal bubbling frequency on the left side of the obstacle (X = 1.6 
cm) is about 3 Hz. It is lower than the computed frequency of 
about 5.5 Hz, as shown in Figure 8b. The reason may be due to 
the asymmetrical effect observed in the experiment. Figure 2 in 
Bouillard et al. (1989a) clearly shows the asymmetry in the 
experiment. A comparison of computed frequencies of porosity 
oscillations with the experiment a t  a point below the obstacle is 
shown in Figure 9. The agreement between the computations 
using 16 x 22 nodes and 16 x 42 nodes is good, as can be seen 
from Figures 7b, 8, and 9. 

The computed results with the present model are compared 
urith that of the previous inviscid model computed by Bouillard 
and coworkers (Bouillard, 1986; Bouillard et al, 1989a). Figure 
10 shows the computed porosity oscillation on the side of the 
obstacle obtained by Bouillard (1986). The present computation 
using the kinetic theory model gives a correct pattern of porosity 
oscillation while the previous model gave a damping of the 
amplitude of porosity oscillation with time. 

Figure 11 shows the time-averaged porosity as a function of 
bed height a t  10 cm from center. An excellent agreement 
between the present computations of two different node meshes 
and the experiment was found. 

Figure 12 shows the computed bubble evolution at  several 
later times. A bubble forms near the jet opening, propagates 
around the obstacle, and finally bursts at the top of the bed. The 
rectangular features in the computed particle distributions are 
due to the large grid sizes used away from the obstacle. 

Figure 13 shows the computed time-averaged solids viscosity 
in the bed. Although the solids viscosity varies with the position 
in the bed, its numerical value is not too far from the assumed 
solids viscosity used in the computations of Bouillard et al. 1.0- 
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Figure 8a. Computed and experimental porosity oscilla- 
tion on left side of obstacle, at point of X = 

1.6, Y = 11 cm. 
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Figure 9. Computed and experimental power spectrum 
of porosity oscillation below obstacle, at point 
of X = 0.3, Y = 8.8 cm. 
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Figure 10. Computed porosity oscillation on side of obsta- 
cle by Bouillard (1986) (compared with Figure 
8a). 
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Figure 11. Comparison of present computed time-aver- 
aged porosity as a function of bed height at 10 
cm from center with experiment and previous 
computed data of Bouillard et al. (1989a). 

Figure 12. Computed bubbles in bed with an obstacle at 
several later times (16 x 22 nodes). 
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Figure 13. Computed time-averaged solid viscosity 
(Pa . s) in bed with an obstacle (16 x 22 
nodes). 

(1989b). The key point is that this viscosity need not be guessed 
any more. It is automatically computed, and so is the value of 
the solids stress. There is no need to vary it parametrically, as 
done previously by Bouillard et al. (1989a). The time-averaged 
granular temperature around the obstacle in which the solid 
shear rate is generally high is shown in Figure 14. The granular 
temperature is high wherever there is a great deal of motion. It 
shows that a typical value of the fluctuating velocity is of the 
order of 10 cm/s, in rough agreement with the critical discharge 
velocity. 

Computation for uniform fluidization 
The computations were repeated for the case of fluidization 

with a uniform inlet velocity. The case of uniform fluidization is 
a good test case of this kinetic theory model. 

The computation has been compared with the experimental 
results of Lin et al. (1985), who measured particle velocity in a 
cylindrical bed using a unique radioactive particle tracking 

Figure 14. Computed time-averaged granular tempera- 
ture T around obstacle where 3 T  = (C2) 
(16 x 22 nodes). 

1 1  
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Figure 15. Experimental and computed solids velocities 
in cylindrical bed, inlet air velocity 64.1 cm/s 
Exp.: Lin et a1 (1985) 

method. The cylindrical bed, 13.8 em dia., contains 420-600 pm 
dia. glass beads, with a static bed height of 11.3 cm. In the 
computation, we took a particle diameter of 500 pm and a 
particle density of 2.5 g/cm3. Uniform grid sizes were used. 
These were Ar = 0.69 cm and Az = 1.13 cm. The time step was 
At = s. Figure 15 shows the agreement between the 
computed time-average solids flow pattern and measured data 
for a suporficial fluidization velocity, V, = 64.1 cm/s. The 
particles ascend at  the center and descend near the wall. A 
vortex appeared in the upper portion between the center and the 
wail. Such flow pattern is related to the bubble motion. Figure 
16 shows the computed particle distributions at  several times. 
The bubbles tend to move toward the bed center and finally 
merge at  the center. This bubble motion behavior has been 

1 1.55 sec I 1 l . G O  sec 1 

Figure 16. Computed bubbles in cylindrical bed at sev- 
eral times, inlet air velocity 64.1 cm/s. 

534 April 1990 

Figure 17. Computed bubbles in rectangular two-dimen- 
sional bed, uniform inlet air velocity 100 cm/s. 

reported by Werther and Molerus (1973). Hence, the higher 
solids velocity in the upper portion of the bed center is due to the 
bubble coalescence and bubble motion. 

Another test case for the kinetic theory model is the simula- 
tion of the uniform fluidization in the IIT rectangular two- 
dimensional bed with an inlet air velocity of 100 cm/s. This 
velocity is about four times the minimum fluidization velocity of 
glass beads of 500 pm dia. and 2.5 g/cm3 density. The initial 
static bed height is 29.94 cm. The dimensions of the bed are the 
same as those shown in Figure 5. Figure 17 shows the computed 
particle distributions at  several times in the two-dimensional 
bed. Bubbles form between the bed center and the bed wall. 

, , . .  ~~ . ,.. 
. * . I . . _ _  . . I .  1:. v , ,  . f . , , . i '  

1 " - . *. . " . . , " J j 
j:::::::::--;j ..... f l  

-. 1 : I ? t r ' 

Figure 18. Computed time-averaged solids flow pattern 
in rectangular two-dimensional bed, uniform 
inlet air velocity of 100 cm/s. 
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Figure 19. Time-averaged solids viscosity (Pa . s) in rect- 
angular two-dimensional bed, uniform inlet air 
velocity 100 cm/s. 

They move to the bed center but burst before merging. There is a 
downward motion of the particles a t  center of the bed and at  the 
walls of the bed, as shown in Figure 18. The computed solids 
viscosities are between 0.03 and 0.1 Pa s, as shown in Figure 
19. Figure 20 shows high fluctuating energy in the top portion of 
the bed. We expect a high fluctuating intensity of the particles in 
this region. An experiment in progress for the uniform fluidiza- 
tion in the rectangular two-dimensional bed shows that the 
computed bubbles and the flow pattern agree with observations. 

The observed and the computed bubble formation for uniform 
fluidization can be explained on the basis of a simplified version 
of the hydrodynamic model. A simplified analysis of the type 
used in the free convection single-phase flow shows that in the 
absence of viscosity the rate of change of solids vorticity, 5; can 

Figure 20. Time-averaged granular temperature in rectan- 
gular two-dimensional bed, uniform inlet air 
velocity 100 cm/s. 

be related to the gradient of porosity, as follows, 

where em, is the porosity a t  minimum fluidization. Downward 
particle motion at  the eall sets up the circulation or vorticity. 
This solids vorticity then gives rise to the vertical porosity 
gradient, as shown by the above equation. A nonuniform 
porosity gradient a t  the bottom of the bed causes nonuniform 
void propagation. For Geldart type B particles the void moves 
faster in the dilute region. There is a catch-up effect, an 
intersection of void paths. Hence bubbles form in the region 
between the walls and the center of the bed, as shown in the flow 
patterns in Figures 15 and 18. The angle that the bubbles make 
with the horizontal depends on the fluid velocity, the height of 
the bed, and the geometry. In the case of fluidization with a jet, 
the bubble always forms at  the jet. A strength of the present 
model is that it can correctly predict bubbling fluidization with a 
uniform injection velocity. 

Conclusions 
1. A predictive two-phase flow model was derived starting 

with the Boltzmann equation for velocity distribution of parti- 
cles using previous kinetic theory of granular flow. The model 
was shown to compute reasonable solids viscosities, repulsive 
solids stresses, and critical discharge velocities. 

2. The model correctly predicted the experimentally mea- 
sured time-averaged porosities in two-dimensional fluidized 
beds. It predicted porosity oscillations that agreed with experi- 
ments better than previous models. It predicted the formation of 
bubbles and solids flow pattern for fluidization with a uniform 
inlet velocity in agreement with measurement and observations. 
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Notation 
A = coefficient matrix, Eq. 28a 
B = matrix, Eq. 28c 
C = fluctuating velocity of particle 

C, = drag coefficient 
C,, = correlation of two phases, Eq. 28e 

c = instaneous velocity of a particle 
clt = relative velocity of particle 1 and 2 
D = drag force coefficent 
d, = particle diameter 
e = coefficient of restitution 
F = external force per unit mass acting on a particle 
f = single-particle velocity distribution function 

G = modulus of solid phase 
g = gravity 

g2 = radial distribution function 
I = unit tensor 
k = unit vector along the line from center of particle 1 to 2 

ME = Mach number 

f’ = pair-distribution function 
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m = particle mass 
n = particle number density 
p = pressure 
q = flux vector of fluctuating energy 
r = space vector 
3 = deformation rate 

3hT = fluctuating energy 
t = time 

U = matrix, Eq. 28b 
u = gas mean velocity 
u = solid mean velocity 

x, y = rectangular coordinate 

Greek letters 
a = parameters in Jenkins and Savage model 
p = two-phase drag coefficient 
r = function oft, and e, Eq. 28d 
y = collisional energy dissipation 

t, t, = gas and solid volume fraction 
en,, = porosity at minimum fluidization 
( = solids vorticity 
7 = defined in Eq. 30b 
8 = defined in Eq. 8a 
K = conductivity of granular temperature 

A,, = mean distance between particles 
p = shear viscosity 
= bulk viscosity 

p = density 
T = stress 

$( = collisional rate of change 
x = defined in Eq. 8b + = single-particle quantity 

Subscripts 
g = gas phase 
s = solid phase 
i = vector component of i 

ij  = tensor component of ij  
j = vector component of j 
k = vector component of k 
x = vector component in x direction 
y = vector component in y direction 

1, 2 = particle I ,  2 or vector component 1 ,2  

Superscripts 
c = collisional part 
k = kinetic part 
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f i f2  + T d p f i  f 2  k l  d k d c l d c 2  (A101 

ADoendix . .  

I1  + [;(1 + e )  ( c 1 2 .  k )  [(i (1  + e )  ( c I 2  . k )  - 2C,  - k Integrations used in the derivation of stresses, granular 
temperature flux, and collisional energy dissipation are given 
below. 

dC, we have 
With the Maxwellian distribution given in Eq. 13 and dc = 

1 l a  n 
c I c 2 d c  ( ~ 2 )  weref, andf, are the Maxwellian distributions at the point r for 

particle 1 and particle 2, respectively. 
The integrations related to k are from Chapman and Cowling 

(1970). Let h, i, and j denote three mutually perpendicular unit 
vectors, with h being in the direction of c , ~ .  Let 8 and 4 be the 

= I‘.”n,S.o”-eXP(-g) 
From the definite integrals 

polar angles of k with respect to h a s  axis and the plane of h and i 
(A3) as initial plane. Then 

f 2“ X2n + 1 
X 2 n  AX’ dx = 

k = hcos 8 + i sin 8 cos 4 + jsin 8 sin (A13) rz xZn+le-Ax2 dx = 0 (A4) 
and 

we obtain 
dk = s i n 8 d 8 d 4  (A 14) 

For a collision occurrence, cI2  - k should be positive. Thus the 
limits of the integration for d8d4 are: 0 to a/2  for 8, and 0 to 2?r 
for 4. All terms of the integrand containing odd powers of sin4 

(A5) T f = - t  rPp T6,  

4; = 0 (A6) 
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or C O S ~  are zero. Hence, and 

217 j (c12 - k)" dk = - (A15a) (n + 1) "2 

2* 
(n + 2)(n + 4) 

j (c12 k)" ki kJ k, dk = 

To obtain the integrations in Eqs. A10-AI2, we need to 
transform the integral variables dC, dC, to dC,,dC,,+ where 

538 

c, = '/*(C12+ + C12) (A161 

Then we have 

with the Jacobian determinant I JI = 1 /8. 
With the above equations, we obtain 
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